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Abstract

The response of a spatially non-uniform suspension of spheres to several forcing agents — forces and
torques applied to the spheres, and an imposed simple shear — is studied numerically for Stokes flow
conditions. While the standard results are recovered in the uniform case, it is found that the non-
uniformity of the particle probability distribution gives rise to qualitatively new features. For example,
the rheological behavior of the system cannot be described solely in terms of an effective viscosity; a
relative velocity between particles and fluid can arise; the particles can either lead or lag the local
angular velocity of the fluid elements. It is shown that a mixture effective viscosity can be calculated for
all three cases with mutually consistent results. In a subsequent paper the present results will be used to
derive in a systematic way closure relations for an averaged-equations description of the
suspension. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The central difficulty in the derivation of averaged equations for disperse multiphase flow is
the so called closure problem: any form of averaging leads to more unknowns than the
available equations and, therefore, some of the information lost in the averaging process must
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be reintroduced. No systematic way of achieving this objective has been devised save for a few
simple and highly restricted cases such as spatially periodic systems (see e.g. Hasimoto, 1959;
Sangani and Acrivos, 1982, 1983; Zuzovsky et al., 1983; Nunan and Keller, 1984; Sangani and
Yao, 1988) or dilute suspensions (see e.g. Batchelor, 1972; Hinch, 1977; Acrivos et al., 1980;
Biesheuvel and Spoelstra, 1989).? Aside from a handful of notable exceptions (Feuillebois,
1984; Lhuillier, 1992; Lhuillier and Noziéres, 1992; Buyevich, 1995; Buyevich and Ustinov,
1995), a fundamental restriction in all previous studies on this topic is the assumption of
spatial uniformity of the system. While this assumption may be useful when the macroscopic
length scale is much larger than the particle scale, there are situations where it is clearly
insufficient such as in the transition region between the clear fluid and the suspension, when
particles accumulate in certain flow structures such as vortices and wall layers, and others. But,
more importantly, spatial uniformity eliminates many, if not all, terms containing derivatives
and therefore has a profound effect on the mathematical structure of the resulting equations.
The very familiar problem of lack of hyperbolicity of most averaged equations models (see e.g.
Stewart and Wendroff, 1984; Jones and Prosperetti, 1985) stems from the uncertainties
clouding the proper formulation of these differential terms.

In the present paper and its sequel (Marchioro et al., 2000, hereafter referred to as Part II)
we describe a method by which the direct numerical simulation of some prototypical physical
problems, in combination with an effective form of averaging, may be used to help find the
correct closure relations. While we confine ourselves to the case of Stokes flow at the particle
scale, the method that we describe has a wider applicability, e.g. to potential flow and heat
conduction (Marchioro and Prosperetti, 1999). Furthermore, Stokes flow at the local scale does
not imply Stokes flow on the global macroscopic scale (see e.g. Feuillebois, 1984), and
therefore the constitutive relations that we derive in Part II are applicable to a rather broad
range of phenomena.

The results obtained in this paper are a necessary step for the derivation of those presented
in Part II, but are also of interest in themselves as they illustrate the many qualitatively novel
aspects in which a non-uniform suspension differs from a uniform one. Examples are a proof
of the non-Newtonian nature of the mixture stress, a non-zero inter-phase slip velocity in
simple shear flow, and the appearance of mean vorticity in sedimentation. In Part II, we shall
introduce in a systematic way constitutive relations that are capable of accounting for these
aspects of suspension behavior.

In addressing the problem of non-uniform suspensions one faces the difficulty that most of
the usual approaches are either severely limited (e.g., to the dilute case) or downright
inadequate (e.g., those that appeal to physical intuition mostly based on the behavior of one or
two particles). Nonuniformity is an issue precisely because its effects are difficult to anticipate
by physical intuition. Numerical methods are, therefore, necessary to deal with the problem.
Several approaches to simulate general flows at both zero (see e.g. Brady and Bossis, 1988;
Weinbaum et al., 1990; Cichocki et al., 1994; Nott and Brady, 1994; Chang and Powell, 1994a,
1994b; Sangani et al., 1996; Ladd, 1997) and finite (see e.g. Unverdi and Tryggvason, 1992;

2 The literature on the subject is quite extensive and we limit ourselves to a few representative papers. Further-
more, no references are given to the large literature based on more or less ad hoc approximations.
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Feng et al., 1994; Tezduyar and Mittal, 1994; Johnson and Tezduyar, 1996, 1997; Kaftori et
al., 1995a, 1995b; Pan and Banerjee, 1996; Hu, 1996; Esmaeeli and Tryggvason, 1996)
Reynolds numbers are available, but they are not suitable to isolate specifically the effects of
spatial non-uniformities as their effectiveness — almost by definition — consists in their ability
to account simultaneously for the entire multi-faceted complexity of the flow. For our purposes
the most promising techniques are those developed for infinitely extended, spatially uniform
mixtures (see e.g. Mo and Sangani, 1994, 1996; Ladd, 1988, 1990, 1993). In this paper, we
describe a method that extends these powerful procedures to the non-uniform case.

At present our simulation program is somewhat limited by the available computational
resources and, therefore, the numerical results that we present are not as accurate as it would
be desirable. Nevertheless, the methods that we describe are of general validity and ready to be
used to refine the present results when better hardware and software will become available.

The present study is based on the completely random hard-sphere probability distribution
well known e.g. in the theory of the liquid state (see e.g. Allen and Tildesley, 1987; Hansen and
McDonald, 1990; Balucani and Zoppi, 1994). This probability distribution is not entirely
realistic for a flowing suspension (see e.g. Batchelor and Green, 1972; Zuzovsky et al., 1983;
Brady and Morris, 1997). Nevertheless, we believe that the present results are interesting for a
number of reasons. In the first place, these are the first results to show the difference between
homogeneous and non-homogeneous suspensions. As such, they are of considerable interest in
themselves. It may be expected that, qualitatively, many of our conclusions would hold
irrespective of the type and magnitude of non-uniformity. Secondly, as will be shown in Part 11
of this study, our method will make it possible to systematically derive closure relations for the
averaged equations the functional form of which, again, may be expected to be relatively
robust with respect to the underlying probability distribution. A more realistic probability
distribution will undoubtedly change the value of the closure coefficients (e.g., the effective
viscosity), but would not be expected to drastically alter the structure of the closure relations.
Thirdly, these are the first results to show that the effective viscosity of a random suspension is
a robust flow property, that has the same numerical value for a number of different flow
situations.

2. Some considerations on numerical simulation methods

A significant fraction of the literature on suspensions or, more generally, composites,
attempts to characterize their behavior in terms of effective properties such as mixture viscosity
(see e.g. Batchelor, 1970; Batchelor and Green, 1972; Nunan and Keller, 1984; Martys et al.,
1994) or effective thermal conductivity (see e.g. Jeffrey, 1973; Sangani and Acrivos, 1983;
Torquato, 1987; Sangani and Yao, 1988; Bonnecaze and Brady, 1991; Buyevich and Ustinov,
1995). Although the terms that describe these effects ultimately appear in the averaged
equations in a differential form, such effective properties may be calculated by assuming a
spatially uniform particle distribution using techniques similar to those developed in the kinetic
theory of gases (see e.g. Chapman and Cowling, 1952; Landau and Lifshitz, 1969; Cercignani,
1988).

A powerful numerical technique is available to deal with such situations: an infinite uniform
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suspension is approximated by the periodic repetition of a fundamental cell in which particles
are randomly distributed. Numerically, this amounts to carrying out the simulation in a finite
box with periodic boundary conditions (see e.g. Sangani and Yao, 1988; Mo and Sangani,
1994, 1996; Ladd, 1988, 1990, 1993). While powerful, this approach can only work for a subset
of special terms that enter the averaged equations as the divergences of suitable fluxes. As will
be seen later, and in particular in Part II, not all the required differential terms have this
nature.

As mentioned in the previous section, other methods exists for the simulation of (relatively
simple) actual flows. Of course, non-zero gradients — e.g. in the velocity field — exist in such
flows, but their usefulness for the specific purpose of developing closure relations is somewhat
limited. The typical approach is to postulate closure relations and to show that solutions of the
averaged equations thus generated match the averages of the direct numerical simulation
results (see e.g. Nott and Brady, 1994). While of course useful, such an approach is, first of all,
not systematic and, secondly, it has to rely on the effects of spatial non-uniformities to be large
enough to emerge above the statistical noise of the simulations. Thus, some effects may be
missed because their magnitude happened to be small in the particular situation simulated.
Thirdly, in an actual flow, gradients are seldom spatially uniform and this complicates even
further the identification of their effects. While not completely immune from these limitations,
the method that will be described below appears to represent an improvement or, at least, a
useful complement to this class of numerical simulation techniques.

A rather straightforward way to extend the periodic cell method previously mentioned to
deal, for example, with a non-uniform spatial distribution of the disperse phase would be to
retain the spatial periodicity in two directions but to give it up in the third one. One could
stack many planes, each containing two-dimensional cells, at different distances from each
other so as to generate a spatial gradient in the direction normal to the planes. Such an
approach is feasible, but it is severely limited by the large increase in computational cost, the
presence of ‘end effects’ of uncertain magnitude and, more importantly, by the fact that the
maximum gradient achievable in practice, while still satisfying the separation of micro- and
macro-scale constraint, is so small as to render problematic the unambiguous determination of
its effects.

These considerations point to the necessity of a new approach to the problem that we
describe in Section 5 after a brief exposition of the averaging techniques (Section 3), and their
application to the momentum equation (Section 4). In Section 6, we develop a form of the
averaged fields in terms of quantities that are calculated numerically in Sections 8—10. Some
details on the computations are given in Section 7.

3. Averaging

Some of the average quantities of interest, such as the mean particle velocity, are very
directly related to the corresponding microscopic variables and can readily be obtained from
the results of the numerical simulations. Other average quantities, however, are intrinsically
macroscopic constructs that have no direct counterpart at the microscopic level. A typical
example is the mixture stress which does not exist at the microscopic level, while it plays an
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essential role at the macroscopic one. Such purely macroscopic quantities are the result of
averaging procedures applied to the microscopic equations. Their explicit expression in terms
of microscopic variables, which is evidently needed to compute them, necessarily requires
therefore the explicit use of a specific averaging procedure. Here, we use an ensemble-based
phase averaging method that has been developed specifically for this purpose. A detailed
description is given in our earlier papers (Zhang and Prosperetti, 1994a, 1994b, 1997
Prosperetti, 1998). Here, we only provide a few basic relations to which it will be necessary to
refer below.

In the absence of inertial effects, for N equal homogeneous spherical particles, the flow is
uniquely determined once the configuration ¥V — i.e., the position of the centers y*, o« =
1,2,...,N of the N particles — is given. The probability density of the configuration %" is
denoted by P(NV).

In terms of the characteristic functions y-p(x;N) for the continuous (subscript C) or
disperse (subscript D) phases, the phase ensemble average of the generic quantity fcp
pertaining to either phase is defined by

Beafeo = 3 | 46% PN YcpxN o), m

where fcp are the volume fractions defined by this same equation with fcp = 1. Here and in
the following the explicit indication of time dependence is suppressed. Since the particle-fluid
interfaces have zero measure

fc+bBp=1 2

For a generic quantity g pertaining to the ath particle as a whole (such as the center-of-mass
velocity) we use a particle average defined by

n(x)g(x) = Jd%N P(N)[Zé y“”)gWN)}, 3)

oa=1

where 7 is the particle number density defined by this same equation with g® = 1:

n(x) = degN P(N) [Zé y®) } “4)

If averaged quantities vary slowly over distances comparable to the particle radius, accurate to
second order in the ratio a/L of the particle radius to the macroscopic length scale L, one has

Bp = v(l + 10V2) (5)

ina’ is the particle volume.

where v =
3
Upon assuming the fluid to be incompressible, averaging of the microscopic equation of

continuity leads to
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Ve 19 (petwa) =0, ©

and, similarly,

By

50V (Boun) =0. ™

where uc p are the velocities of the phases. In view of Eq. (2), adding Eqs. (6) and (7) we find
V-u, =0, 3)

where the mean volumetric flux u,, is defined by

u,, = fc(uc) + fplup). 9)
or, from Eq. (1),

u, = % Jd%N P(N)[2c(x:N)uc(x;N) + 1 p(x;N)up(x;N)]. (10)
Expressing the conservation of particle number

%Jrv.(nv-v):o, (11)

requires the velocity field w which is defined as the particle average (3) of the center-of-mass
velocity of the particles w*. In general, w # (up) but, analogously to Eq. (5), it can be shown
that, accurate to second order in the ratio a/L,3

@i, dt_, B & @, _
Bplup) = 1+Ev +%v (nvw)+g 1+ﬁv V x (mvQ) (12)

where Q is the particle-average angular velocity.

4. Averaged momentum equations

Upon incorporating the body force into a modified pressure, the Stokes equations for the
continuous phase may be written as

V-ac=0, (13)
where the stress a¢ is given by

oc=—pcl+ 2,ucec, (14)

3 In some of the problems to be considered here W is found to increase proportionally to L?, and this circumstance
reduces the accuracy of this equation from fourth to second order.
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in terms of the (modified) pressure pc, identity two-tensor I, viscosity uo, and rate of
deformation tensor ec. It is shown in Zhang and Prosperetti (1997) that, since ep vanishes for
rigid spheres, the ensemble average of ec is exactly

1

= _Em 15

(ec) Be (15)
where

B = 3[Vo, + (Vu,)'] (16)

is the rate of deformation tensor based on the mean volumetric flux (9). With this result, the
average continuous-phase stress is therefore

Bcloc) = —Bclpcll + 2ucEn. (17)

Because of the finite extent of the particles, averaging and differentiation do not commute.
However, when the particles are small in comparison with the macroscopic length so that
a/L < 1, one has (Zhang and Prosperetti, 1994a, 1997; Prosperetti, 1998)

V- (Bcloc)) = Bc(V-6¢) +nd[oc] — V- (BpLloc]), (18)
where, approximately,
ppZloc] =nT[ec]+ V- {nF[oc]+ V- (nZ[oc]+---)} (19)

The quantities introduced in these equations are most usefully expressed in terms of particle
averages as follows:

Aoc](x) = Jr:u dS, oc(x +r/x) - n, (20)
Tloc](x) = aJm—a dS, n[ec(x +r|x) - n], (21)
Sloc)(x) = —%azjlr_a dS, nn[ec(x + r|x) - n], (22)
Roc)(X) = édSJm_a dS, nnn[e¢(x + r[x) - n]. (23)

These forms are particularly useful for numerical computation as will be seen below. In
particular, one recognizes .« as the average hydrodynamic force acting on the particles.

By using Egs. (17) and (18) in the momentum equation (13), we find the averaged
continuous phase momentum equation in the form
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A ( = Bepc) X+ 2ucE,, + ﬁDg[aC]) =nd[oc) (24)

When inertia is negligible, the mean momentum balance for the particles evidently has the
form

j dS, 6e(x+¥1X) -0+ v(pp — pe)E = 0, (25)
|r|=a

where p. p are the phase densities and g is the acceleration of gravity. Since the integral in this
equation is precisely equal to .7, this quantity may be eliminated from Eq. (24) with the result

V(= Bclpc) I+ 2ucEn + BpLoc]) = —nv(pp — p)E. (26)

The quantity under the divergence sign in Eq. (26) has the physical meaning of a mixture
stress. In a recent paper (Marchioro et al., 1999) we have given a detailed study of this
quantity identifying the contribution that is to be considered as the mixture pressure p,, and
separating it from the viscous part of the stress. The result of that analysis (based on a study
of the transformation properties of the stress tensor under gauge transformations of the
MmICroscopic pressure pc) is

DPm = Belpe) + (1 + a—2V2)[n(x)v1?] + la2v. |:n(x)J
10 5

ds (- n)pc}

[r|=a

+1 2VV: J (nn 11) (27)
14a |\ n " 3 pc |,

where
= i J ds. pc(y“ + r'N), (28)
47Ta2 Ir|=a ’

is the average pressure over the particle surface. For a spatially uniform mixture, using Eq. (5),
we see that this result may be written as

Pm = ﬁC(pC) + ,BD]?, (29)

which is an expression that has been proposed before (Prosperetti and Jones, 1984). The
quantity p¢ has also been introduced before by several authors (see e.g. Ishii, 1975; Drew,
1983). Eq. (27) generalizes this form to the inhomogeneous case.

The remainder of the mixture stress (i.e. the quantity under the divergence sign in Eq. (26)),
after subtraction of p,I is to be identified with the viscous mixture stress which we write as
2ucE,, + 2 p, where the contribution of the particles is

2p= ( m _ﬁC(pC>)I+ﬁDg[O'C]~ (30)

With the definitions (27) and (30), the momentum equation (26) becomes
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V(= pul+2ucE, + Zp) = —nv(pp — pc)g. (31)

5. Periodic cell model for a non-uniform suspension

To introduce the present technique for the generation of a suitable non-uniform ensemble, it
is useful to review first the way in which the periodic cell method is used for the direct
numerical simulation of unbounded suspensions (see e.g. Sangani and Yao, 1988; Mo and
Sangani, 1994). The central idea is to approximate the suspension by filling the whole space
with replicas of a fundamental (e.g. cubic) cell containing N identical spheres randomly
distributed according to a uniform probability Py.* With this construct, the (microscopic)
continuous-phase velocity field can be written in the form

uc(x;N) = Uso(X) + Uc(X;N), (32)

where Uy, is an imposed deterministic velocity field and ¢ is periodic in the three directions
perpendicular to the faces of the fundamental cell. The disperse-phase velocity field decomposes
in a similar way:

up(x;N) = Ug(X) + tp(x;N), (33)

with, as before, iip periodic.
Since the system is uniform, every field is equal to its volume average and therefore, in
particular, the mean volumetric flux (10) may be written

1 1 - ”
u, = U, + M Jd%N PO(N)|:I—/Jd3x(;{Cuc + XDuD)i|. (34)

For each configuration, the quantity in brackets is just the volume average of the periodic part
of the exact ‘microscopic’ volumetric flux for that configuration and can readily be calculated.
The remaining integration in configuration space is effected in practice by generating a large
number of different configurations and averaging the volume-averaged volumetric flux over
them, which is effectively a form of Monte Carlo integration. Configurations are generated by
arranging the N spheres randomly in the fundamental cell. The factor N! corresponds to a
renumbering of the particles and can simply be ignored.

A relation such as (34) increases the rate of convergence to the mean and reduces the
calculation of an average quantity — that, according to the original definition (1), would be
quite laborious — to much more readily computable volume averages. This is a central feature
which it is essential to retain in the non-uniform case as well so as to make the calculation of
ensemble averages practical. To this end, we keep the concept of the infinite repetition of a
fundamental cell but use a suitable non-uniform particle probability distribution. The way in
which this probability distribution is generated can be explained as follows.

4 From now on, N will denote the number of particles in the fundamental cell rather than the total number of par-
ticles in the system.
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Consider a volume A7~ of the configuration space of the system. The fraction of systems of
a uniform ensemble contained in AY” is given by

J a6 Py(N), (35)
AV

where P, is the uniform probability distribution introduced before. Subject now the center y*
of each sphere to a small displacement y*—y* — ¢F(y*), where F is a given deterministic vector
function and ¢ a small parameter. The fraction of systems in A¥” then becomes

N
d" Py(N)N - <ZF(y°‘)>
a=1

J de" Py(N) + EJ
AV A

N
- [ de™ PO(N)|:1 +e> V- F(Y“)} (36)
AV o

where N is the unit normal in phase space outwardly directed with respect to the surface AY
of AY”, the divergence theorem has been used to obtain the second form, and V, denotes
differentiation with respect to the coordinate y* of the ath particle. We thus see that the
ensemble generated by the displacement of the particles has the probability density’

P(N) = Py[1 + ed(N)], (37)
where
N
B(N) =) 'V, -F(y"). (38)
a=1

This is of course a well-known result in the theory of probability. Its utility here is twofold. In
the first place, it enables us to obtain a specific non-uniform probability density P(N) starting
from the readily generated uniform probability Po(N). Secondly, — and more importantly —
the presence of the small parameter ¢ enables us to readily identify in all the equations the
terms due to the spatial nonuniformity of the suspension. The key role played by this feature
will become apparent in the following.

In order for P(N) to be periodic it is necessary that F have the same spatial periodicity as
the fundamental cell. We take

V-F(y)=sink-y (39)

where the direction of k is along one of the sides of the fundamental cell and its modulus &
equals 27 divided by the length L of the side of the cell in that direction. With this choice
average quantities, while not constant, can be represented over the fundamental cell by a
Fourier series, the coefficients of which are given by projections, i.e. volume integrals, over

51t is evident that, by construction, the non-uniform probability P satisfies the same normalization as P,
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suitable basis functions. In fact, the relation (34) itself can be interpreted as one such
projection. In this way the calculation of ensemble averages is reduced to the calculation of
volume integrals over the fundamental cell just as in the spatially uniform case.

It would be possible, of course, to choose functions F with spatial frequencies greater than
the fundamental one taken in Eq. (39). We do not pursue this possibility for reasons of
simplicity — to limit the number of Fourier coefficients — and also because we are interested
here in small values of ka as will be seen below.

Upon inserting Eq. (39) into the definition (4) of particle number density, we find

n(x) =n’ + er’sink - x + en‘cos k- x4 - - -, (40)
with
N
0
= — 41
n= 7, (41)
L (N)®P*(N) c= 21 [agn p (N)(D(N)XN:cosk * (42)
TTYm ! T TN ° £NEY

The second integral vanishes and, for the first one, a simple calculation gives
n

where Sy is the static structure factor for N hard spheres defined by (see e.g. Allen and
Tildesley, 1987; Balucani and Zoppi, 1994)

Sv(k) =1+ng Jd3r[gN(r) —l]exp ik -r, (44)

in which gy(r) is the pair distribution function of the N spheres.
Similarly to Eq. (40), we have

Bp =B+ efsink - x, (45)

where we have dropped the vanishing contribution proportional to cos k - x; here
v

0
=N
fy =Ny,

(40)
and, from Eq. (5),
. a’k?

For convenience in the manipulations that follow, let

¢ =csink - x, € = ccosk - x, (48)
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and note that

Ve, = kme,; Ve, = —kme,, (49)
where
k
=, 50
m= (50)

is a unit vector in the direction of the nonuniformity of the particle distribution. A truncated
Fourier series expansion similar to Eq. (40) will be used for all the field variables; for example

w=w + W + €W (51)

6. Mean pressure and volumetric flux in a periodic suspension

Our intent in this paper is to study the average value of the flow quantities in suspensions in
which the particles are arranged according to a specific probability distribution. The
calculation of particle averages, such as the mean particle velocity w or the mean particle
angular velocity Q, from the results of the numerical simulation is of course completely
straightforward. The calculation of continuous-phase averages, such as (uc), (pc), or quantities
related to them, such as the volumetric flux wu,, or the mixture pressure p,,, on the other hand,
is more difficult. Mo and Sangani (1994) give an explicit expression for u,, for the uniform case
(their Eq. (69)), that they obtain by an application of the divergence theorem. Unfortunately,
the same method does not work in the present non-uniform case and a direct calculation is
more involved. We present such a calculation in another paper (Tanksley et al., 1999), both in
view of its intrinsic interest and as a check on the present results, but here we follow a more
direct route that is based on the averaged momentum equation (31). The basis of this
calculation is the Fourier-series structure of all the average quantities expected when the
ensemble is constructed as described in the previous section.

We study three distinct physical situations, but it will be sufficient to present details for the
first one only.

6.1. Sedimentation

In the first flow that we simulate, the motion of the particles is induced by a body force g.
Under the action of this force, in a quiescent fluid, an isolated particle would move with a
velocity W given by

2 _
W = _a2ug (52)

9 e
We use this relation to eliminate the vector g in the following equations.
Upon taking the divergence of the momentum equation (31), recalling that V-u, =0
because both phases are incompressible, and the sinusoidal dependence (40) of the particle
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number density »n, we find
9
V2P = VV:Zp 4+ —uckfc,W -m. (53)
2a?
where f° = vn’. Write

1

—3p =L+ L +¢L, (54)

Hc
and note that VV:L? = 0 since V-L° is the divergence of the stress for a uniform suspension
and is therefore a constant. The quantities L>¢ will be suitably parameterized and, as several
others introduced later, calculated numerically. The solution of Eq. (53) is then®

1 0 9 9 S K c

'u—cpm:ﬁDz—azW'X—TazﬁECW’m-'-m'(LES-FL60)'m, (55)
where the first term (to which this expression reduces for ¢ = 0), is found from a consideration
of the momentum equation (31) in the special case of a uniform suspension (see Mo and
Sangani, 1994).”

Upon substituting this expression into Eq. (31) and solving, one finds the following result for

the mean volumetric flux:

9
2k2a?

u, —Uy=0—mm)- [ B, W + %(Lsec — L) - m], (56)
where Uy, is the volumetric flow rate of the suspension averaged over planes perpendicular to
m. One could eliminate this vector by explicitly adopting a specific frame of reference.
However, in order to exhibit the frame invariance of our results, we prefer not to do so.

The expressions for p,, and u, may be made more definite by observing that there are two
fundamental vectors, W and m, that can be combined to give the equivalent pair

WH=W-mm, W =0-mm) W. (57)

Since there would be no motion for W =0 (i.e., g = 0), and since the problem is linear, the
velocity fields must depend linearly on these vectors. By a similar argument, the fundamental
two-tensors available to express Xp are

GY =W'm+mW", GY=Wm-mw"

G/=W-mI, G)=(W. m)<mm — %I) (58)

®1In principle, we should write p,, — Ps Where P, is the pressure field corresponding to Us. For the Uy, con-
sidered here, however, P, is a constant and, since p,, is defined up to a constant by construction (see Marchioro et
al., 1999), this is unnecessary.

" The tensor L° in this case is evidently isotropic and is represented by the first term in (55).
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We can therefore write, with the superscript j = s or ¢,
KL/ = ¢{GY + €G! +¢/G]" + ]G}, (59)

where the factor k has been introduced so as to make the coefficients ¢; dimensionless. These
coefficients will be found numerically in the manner described in Sect1on 7. Tt should be
expressly noted that the validity of relations such as Eq. (59) is critically dependent on the
absence of privileged directions in space other than those identified by m and W. In particular,
if the particle probability distribution function were characterized by one or more intrinsic
vectors or tensors, the structure of Eq. (59) would be different.

With Eq. (59), we readily find

1 {9, .
u, — Uoo = kz—az[iﬂ € — L €si|wla (60)
1 1 c s 2 s ||
Mc ﬁoz WXt Ple.+ | 6+ gf‘M ¢ |(Wh.m), (61)
where, we have set
Li=tg+ty  PO=li+36,— 5P, (62)

for brevity.
Two important quantities involving gradients of u,, are the mixture vorticity

1

V x (um—Uoo) = —k—az

9 ,
[ — 3P+ Lie+ Lcec]m x W, (63)
and the rate of strain of the volumetric flux (16):

1
E, = E[Vum + (Vu,)"]. (64)
From Eq. (60), we find®
E, = Yia 2[ Pe. — - LC@,]GEV. (65)
Upon substituting the relations (59) into the expression (54) of the particle stress X, we have

1 I 1 4 4 '
H_CZP +2E, = W(Eﬁ € — Lyec — EAES>GW+ ) (EZGZV'F Ej]G}/V‘f‘ E&GZ)Q. (66)

8 Again, as in Eq. (55), in the left-hand side we should write E,, — E,, where E, is the rate of strain of the vel-
ocity field Uy,. For simplicity, we omit this term that vanishes when, as here, Uy, is a rigid-body motion.



M. Marchioro et al. | International Journal of Multiphase Flow 26 (2000) 783-831 797

We shall need expressions similar to Egs. (60) and (61) for other variables as well. Thus, we set
_ 1 , ,
¥ U = o)W+ P Z(w W Wi, (67)
Jj=s,c

where @ is the concentration-dependent hindered settling function for a homogeneous
suspension, i.e. the ratio between the particle settling velocity at the volume fraction f; and
the settling velocity W of an isolated particle (see e.g. Hetsroni, 1982; Davis and Acrivos, 1985;
Russell et al., 1989). As a consequence of this definition, ¢(0) = 1. Similarly we set

_ 1 .
Q-0 =1 D wlgm x W, (68)

J=s.¢

where Q. = %V x Us. The coefficients w and w are all dimensionless. Finally, for the average
continuous-phase pressure, we write

#ic(pd =0"+ ﬁ%%w X+ é(qcec +¢'¢,) (W .m), (69)
where QU is the absolute level with respect to that of p,,,.

All the dimensionless coefficients ¢, w, w, ¢g introduced here and in the remainder of this
section can be computed numerically from the results of the direct numerical simulations. The
analysis of the terms proportional to ¢; and ¢., which, by construction, would vanish in the
case of a uniform suspension, will reveal the fundamental qualitative differences introduced by
the spatial nonuniformity of the system. The manner in which these calculations are carried
out is summarized in Section 7.

6.2. Simple shear

The second flow we study is induced by an imposed shear, for which
U =7-X, (70)

where y is a symmetric traceless constant two-tensor specifying the rate of shear. Note that ay
has the same dimensions as W. Since inertia is neglected, an arbitrary rigid motion can be
added to the right-hand side of Eq. (70) and will be understood in the following. From the
tensor y and the vector m, one can form two linearly independent vectors analogous to Eq.
(57):

y”:(m-y-m)m, yLzy-m—(m-y-m)m. (71)
The possible two-tensors are
v, Gy=y'm+my', G, =y'm-—my*:, G =(' m)L

G, = (7" -m) (mm — §I
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The last four are analogous to Eq. (58) of the previous case, while the first one is specific for
the present situation of imposed shear. Because of this difference, in this case we find

L’ = ¢ ay, (73)

while the other relations are similar to Eqgs. (59)—(69):

KL/ = tJay + t{aG% + € }aG; + £]aG] + £{,aG),, (74)
1 s c 1
Wy, — Uoo = —(L € — L és)? 5 (75)
k?a
1 1 C 2 4 c N
,U_Cpm = E[<£l+§£M+£i>EC+P Esi|('}’| 'm)7 (76)
J j J j K s 2 s s
1 : ;
E,= Y- —(LSES + L(VGC)G/ 5 (78)
2ka
1 s ¢ ) 1 Pali ol ol
LT 2B = 2+ = (e + ) Gy + ;(EJGA 66+ 11,6 ) (79)
_ 1 . .
w—Uyg = =P 'Z(wiyl + w”’y“)ej, (80)
J=s,c
f):iX:cojemxyl (81)
kaj:s c ’
Loy =0+ =Y 0y - m). (82)
ke ka = !

6.3. Applied couple

For the third flow that we simulate, each particle is subject to a couple T, under the action
of which an isolated particle would rotate with the angular velocity
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1
W= T,
ovue

with respect to the fluid. Note that aw and W have the same dimensions.
One can form two axial vectors:

o' = (o -m)m, ot =1—-mm)- .
The fundamental two-tensors are

G¢ =(m x o)m+ m(m X o), G =(m X o)m — m(m X w).
Proceeding again as before,

KL/ = £{aG? + € aGY.
1 \} c
u, —Uyx = 5 (L' — L¢)m X o,
k*a
Li=¢f+¢],

1
Em = — a7 LX s LC c w,
2ka( ¢+ L,.)G

1 1 :
—2Xp+2E, = k—[ — (L€ + €5¢)GS + ZZiEjG£:|.
Ue a Sc

1 .
= _ i,
W_Uoo_kza E wigm X @

J=s,c

- 1 . ,
Q—-Q, = ‘P(ﬁ%)w + a Z[w”’w” + wiwl]ej
Jj=s,c

where ¥ is the hindrance function for rotation (see Brenner, 1970, 1972, 1984).

799

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)

C2))

(92)

In the previous two cases we had parameterized p,, in terms of a scalar constructed from the
polar vector characterizing the flow (W or y!) dotted into m. In this case, since the only polar
vector is m X w, a parallel procedure would give zero and therefore we expect that p,, =0,

which is confirmed by the numerical results.

6.4. Non-Newtonian nature of a non-homogeneous suspension

By comparing the expressions for E, given in Eqgs. (65), (78) and (89) with the
corresponding expressions for the viscous stress (66), (79) and (90), we recognize that a
proportionality relation between the two quantities as required by a Newtonian rheological
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Fig. 1. Comparison of the pair distribution function based on a typical ensemble used in this work (circles) with the
solution of the Percus—Yevick equation. The ensemble consists of 2,000 configurations for f;, =35% and 51
particles.

behavior would only be possible if all the coefficients of the summations in (66), (79) and (90)
vanished. The numerical evidence to be discussed in Sections 8—10 shows unambiguously that
this would happen only in the case of a uniform suspension. This argument, therefore, proves
that the stress in the mixture can be represented in a Newtonian fashion with an effective
viscosity only in the random uniform case. For non-uniform suspensions the constitutive
relation will necessarily be more complex. This matter is addressed more fully in Part II.

For the reason noted after Eq. (59), this conclusion is only valid because we have explicitly
ruled out the presence of privileged directions in space associated to the microstructure of the
suspension. It is well known that, if such directions existed, also a uniform suspension would
exhibit non-Newtonian behavior.

7. Numerical method

The present study exhibits several computational aspects that will now be briefly described in
turn.

7.1. Configurations

The ensemble of configurations used in the direct numerical simulation was generated
according to a standard Metropolis algorithm (see e.g. Allen and Tildesley, 1987). One starts
with the particles arranged in a regular array inside the fundamental cell. Random
displacements are then generated for each particle, with the particle actually moved only if the
displacement does not cause it to overlap with a neighboring particle. This procedure was
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implemented in two ways. In the first one, the scale of the random displacements was
dynamically adjusted so that approximately 50% of all attempted moves was accepted. After
allowing for an initial transient of the order of 10° displacements per particle, the ensemble
was constructed by storing the configurations of the N particles every 20,000 to 100,000 steps
per particle. A greater number of steps was taken at the larger volume fractions and particle
numbers. The second procedure consisted in adjusting the scale of the displacement so that the
acceptance rate was about 90%, which corresponds to approximately one half of the mean
interparticle distance. Configurations were stored after 30,000 to 90,000 displacements per
particle. These numbers were sufficient to give rise to an approximately Gaussian distribution
of particle displacements with a mean equal to one-half the size of the cell. To avoid biases,
particles were displaced in random order rather than in a fixed sequence.

As a randomness test of the ensembles of configurations, we have compared the pair
distribution function g(r) (where r is the distance from the center of the test particle) for our
ensembles with solutions of the Percus—Yevick equation (Throop and Bearman, 1965). Typical
results obtained with 2,000 configurations for , = 35% and 51 particles are shown in Fig. 1.
The Percus—Yevick solution (line) extends to the largest abscissa considered by Throop and
Bearman, while the present results (open circles) reach nearly as far as the cell size which, with
the present parameters, is L/2a >~ 4.24. The close agreement between theory and computations
supports the good quality of the ensembles used in this work.

As a further test, we calculated the nearest-neighbor distribution function E, for our
configurations (open circles in Fig. 2) and compared it with the approximate theoretical
result of Torquato and Lee (1990). The result of this comparison for the same case of
Fig. 1 is shown in Fig. 2 and again supports the randomness of our ensembles.

Finally, for each ensemble, we can calculate the static structure factor Sy from Eq. (44). It is

30 T T

25

20

1.0 ' . ) 1.2 1.3
r/2a

Fig. 2. Nearest-neighbor distribution function for the same ensemble as in the previous figure (open circles)
compared with the approximate theoretical result of Torquato and Lee (1990).
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known that the difference between Sy and the corresponding quantity S for an infinite number
of particles is of order 1/N (see e.g. Salacuse et al., 1996), which is a relatively small number in
the present calculations. Hence, we can compare our Sy with a suitable approximate
expression for S. We choose the form given by Studart et al. (1996):

2ak
0 0\
2ak + 248", /30) i1 (2ak)

S(k) = (93)

where j; is a spherical Bessel function and

dﬁ D) (S(O) 1)' (©4)

For S(O), we take the higher order Carnahan—Starling approximation (see e.g. Hansen and
McDonald, 1990; Mo and Sangani, 1994)

4
S(0) = ( 7 ) — (95)
L4, +4(85) —4(s5) +(55)

A comparison between our Sy (symbols) and S(k) (lines) given by Egs. (93) and (95) is shown
in Fig. 3 for ﬂOD = 15% (triangles), 25% (circles), and 35% (squares) with N between 16 and
64.

For a given set of particle arrangements, the effective number of configurations in the
ensemble can be increased by suitably orienting the forcing (force, shear, or couple). The force

0.5 ‘ , | |
0.4} A -
A %A'A'AAMFAAA ab
a- s DRAA A
___________________________ D :5“
0.3 |
=,
N
0.2} o
——————————————— !.;ﬁv;t.w- oo
0.1f
Oh 0 goa”
0.0 ‘ , ‘ ‘ | | | | |
0.0 05 )

ka

Fig. 3. Static structure factor S as a function of ka for f;, = 15% (triangles), 25% (bullets), and 35% (squares),
compared with the approximate expression given by Studart et al. (1996), Eq. (93).



M. Marchioro et al. | International Journal of Multiphase Flow 26 (2000) 783-831 803

and couple cases are characterized by a vector quantity, g or T, that we take, in turn, parallel
to the three sides of the fundamental cell for a given particle arrangement. For the case of
simple shear, we have five independent traceless symmetric tensors of the form

1 0 O 0 1 0
yocl O =1 0], 1 0 0] etc (96)
0 0 O 0 0 0

Thus, in the case of applied force and couple, this procedure effectively multiplies by 3 the
number of configurations, while in the shear case it multiplies it by 5. An additional factor is
gained in some other cases. For instance, by orienting the vector m in the two possible
directions orthogonal to g, we effectively double the number of configurations that contribute
to the coefficients of terms proportional to W+, and similarly for the shear and couple cases.

7.2. Stokes flow solution

Given the particle distribution for each configuration and the imposed velocity field Uy, the
Stokes equations are solved by the singularity method of Mo and Sangani (1994). Our
computer code was essentially a rewrite of the original code that was kindly made available to
us by Prof. Sangani. The capability to calculate several other quantities, such as the integrals
over the particle surfaces appearing in the definition (27) of p,,, was also added to the original
code.

The solution is expressed in two complementary ways. A global form, useful to handle the
particle—particle interactions, consists of the superposition of singularities centered at the
particle centers. This global solution is coupled to local solutions, valid in the neighborhood of
each particle, taken to have the Lamb (1932) form.

In the implementation of the method the user specifies the number of singularities used in
the global solution and the number of terms retained in the Lamb series solution. The
magnitude of the computational effort increases rapidly with the number of terms retained. We
have mostly used five singularities and, in a few cases, six. Comparing the results we have
found that five singularities are sufficient for an accurate solution up to a volume fraction of
25-30%. At 35%, five singularities lead to a loss of accuracy for some coefficients and,
therefore, there is the possibility that some of our results at , = 35% are not fully converged.
Unfortunately, the computational resources available did not permit us to further refine these
results.

7.3. Calculation of particle averages

The procedure used to calculate the particle averages, defined in (3), can be illustrated with
reference to the average center-of-mass velocity w. We write

n(x)w(x) = W’ + w'sink - x + Wcos k - x, 97)

where, from Eq. (3), the first Fourier coefficient in the right-hand side is given by



804 M. Marchioro et al. | International Journal of Multiphase Flow 26 (2000) 783-831

-]

1
0 — 7 J dx n(x)w(x)

Jd%’v Po(N[1 4 ep(N)] Zw”(zv)

=Wy + ew., (98)

where the last step follows simply by separating the O(1) and O(¢) terms of the integral and we
have used Eq. (41) to write 1/V as ng/N. Similarly

W =n’ Jd(gN Po(N)[1 + gqﬁ(N)]% ZW“(N)sin k-y" =w) +ew, (99)
a=1

with a corresponding expression for w. Upon substituting into Eq. (97), we thus have
nx)W(x) = w) + ew. + (W + ew!)sink - x + (W§ + ew’)cos k - x. (100)

The numerical evidence indicates that w’, wi, and w§ are negligible. While we have not been
able to prove that they exactly vanish (at least in the limit of an infinitely large ensemble), one
would indeed expect that they would. For example, w? could be non-zero only if there were a
statistical correlation between the sum of sines in ¢(N) as defined in Eq. (38) and ), w”. Since
the term sin k - y* of ¢ depends on the position of the o particle, while w* depends, in addition
to the applied deterministic force, on the position of the other particles, and since the particles
are uncorrelated (except for the no-overlap constraint) it would be difficult to find a
mechanism by which such a statistical correlation could be established. Similarly, since Py(N)
is random, a non-zero value for wj or w would indicate a non-random bias in the distribution
of > w*(N)sink-y* which, again, would not be expected. If we, therefore, accept that these
quantities are exactly zero, and express # in the left-hand side of this relation by means of Eq.
(40) (recalling that n¢ = 0), we may write

— 0 Sl c
wx)=————(W, +ewsink-x+ ewicos k- x
®) nO—FnSssmk-x(1 ¢ ¢ )
w0 K c (2)
=w +ewsink -x+ew‘cosk-x+ Ole), (101)
where
0 & 0 s g 0 .5
w we w'n w wi n
W=l wi=—g ool W= (102)
n n n n n n n

Note that all the quantities in these relations are known numerically.

A similar procedure is followed for the other particle averages, and in particular for the
tensors L°, L’ defined in Eq. (54) and the analogous relations for the shear and couple cases.
These quantities are first expressed in terms of averages of the coefficients of the Lamb solution
using the definitions (21)—(23) of 7 etc. Then these Lamb coefficients averages are expanded in
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Fourier series and the relevant Fourier coeflicients evaluated as shown before for w.
Assembling the various components obtained in this way, L°, L* and L¢ are obtained.

7.4. Parameterization of the averages

By the same methods described in Marchioro and Prosperetti (1999), we have verified that
the various parameterizations of the average quantities postulated in the previous section is
correct. For a simple example illustrating the procedure, consider once more the case of w
expanded as in Eq. (101).

For the sedimentation problem w must be linearly dependent on the driving force,
represented by W, and therefore, a priori, it is necessary that

w — Uy =M (ﬂ%,ak) W, (103)

where M° is a two-tensor. The numerical results indicate that the off-diagonal elements of M°
are 3—4 orders of magnitude smaller than the diagonal elements, which in turn differ from each
other by a similar amount. Furthermore, the off-diagonal elements fluctuate around 0 as ka is
varied.

From these results, we deduce that M° is an isotropic tensor, M’ = @I, with & the hindered
settling function as in (67). This finding implies that the existence of preferential directions
parallel to the cell sides, introduced as an artifact of the simulation method, has a negligible
effect on the results.

The non-uniform coefficients w* and w* must also be linearly related to W, but they must
only depend on the components of W parallel and perpendicular to m and therefore, for
example,

w' =M (ﬁ%,ak) W+ M; (ﬁ%,ak) -WI, (104)

where, again, Mﬂ, M are, a priori, two-tensors. Here, one finds numerically that the off-
diagonal elements are about 1% of the diagonal ones, which in turn differ from each other by
a similar amount. Due to the fact that the convergence of the ensemble averages for the non-
uniform quantities is slower than for the uniform ones — a feature which we have encountered
in all our calculations — the numerical evidence for the diagonal nature of the M’ is less
strong than for MY, but is nevertheless compelling. Thus, we identify the coefficients wy, wi of
Eq. (67) with the traces of M, M.

The procedure is conceptually similar but gets more cumbersome to implement in the case of
the two-tensors L°, L/. For example, the linear dependence of L/ on the tensors Gg, G, etc.
as written in Eq. (59), a priori, should be expressed in terms of four-tensors. Within our
numerical accuracy, these are found to be scalars multiplied by the identity 4-tensor, from
which we deduce the coefficients £/

7.5. Cell-size dependence

In an ideal implementation of the concept described in Section 5, one would superimpose a
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sinusoidal particle distribution upon a truly infinite random suspension. This objective cannot
be of course attained in the context of the present method, where the size of the fundamental
cell plays a two-fold role: it imposes an artificial periodicity on the background, ideally
uniform, particle distribution and, at the same time, gives the scale of variation of the
inhomogeneity.

The situation of practical concern in which the macroscopic length scale is much greater
than the particle radius corresponds to the limit ka—0. In this limit the particle distribution as
characterized by the probability Py becomes truly uniform and, at the same time, the scale of
variation of the particle inhomogeneity becomes large and the associated gradients
correspondingly small. Nevertheless, we are still able to identify the effects of the
inhomogeneity as they are singled out by the parameter .

For each volume fraction several ensembles with different numbers of particles were
generated so as to vary the value of the parameter ka expressing the ratio of the particle radius
a to the cell size 2n/k. For N particles, and a particle volume fraction of 8, ka is given by

6 1/3
ka = (%ﬁl)> : (105)

and is therefore a slowly decreasing function of N. In general, we used between 16 and 64
particles for each value of ;. The values of ka that we could practically attain were, therefore,
in the range between 0.5 and 1. Notice that the number of particles necessary to attain a given
ka increases with . For i, = 15%, in some cases as few as 9 particles in the cell gave results
consistent with those found with larger numbers of particles at the same volume fraction.

8. Results: sedimentation

We describe in this and in the following sections some of the qualitative aspects in which a
non-uniform suspension differs from a uniform one as revealed by the ensemble averaging of
the direct numerical simulation results according to the non-uniform probability distribution
(37). Before considering the non-uniform case, it is useful to begin from an analysis of the ¢-
independent terms of the formulae in Section 6 which embody the results for a uniform
suspension. A comparison of these results with those available in the literature will help
validate our method and will also make it easier to appreciate the novel phenomenology
introduced by spatial non-uniformities.

It follows from (67) and (56) that, in a uniform suspension, the mean sedimentation velocity
of the particles with respect to the volumetric flow rate u,, is

W —u, = P(f,)W. (106)

In our numerical simulation the hindrance function ¢ depends, in addition to the volume
fraction, also on ka. Mo and Sangani (1994) give for this dependence an expression that is
valid up to the first order in the ratio of the two-particle correlation length to the cell size:
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Fig. 4. Numerically computed hindrance settling function as a function of ka for 5 = 15, 25, and 35%.

1.7601 pc
(672)"? Hefr
where S(0) is the structure factor. Typical results for <D(ﬁ%,ka) from our simulations at

ﬁ% =15, 25, and 35% are shown in Fig. 4 as functions of ka. Here, as in all the figures that
follow, the triangles are for ﬁ% = 15%, the bullets for ﬁ% = 25%, and the rectangles for ﬁ% =

qs(ﬁ%,ka) - q')(ﬁ%,O) - S(0)ka + Oka)’, (107)

1.0 T T T T T T T T

0.8} =

0.2F 4
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Fig. 5. Values of the numerically computed hindrance settling function of the previous figure extrapolated to ka = 0
as a function of 8. The line is the fit (108).
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35%. From a linear fit, shown by the lines, to these and similar numerical results obtained at
other volume fractions, one can extrapolate to ka = 0 with reasonable confidence. The result of
this procedure is shown in Fig. 5 and can be correlated by an expression of the form

o(0) = (1- )" ", (108)

with ¢; = 6.50, ¢, = 3.18. For small ﬁ% this gives (15([3%) ~1- 6.50[3% in good agreement with
Batchelor’s (1972) well-known result &(,,0) =1 — 6.55/3%. Fits of the form & = (1 — ﬂ%)" do
not give an equally good representation of the numerical result.

From the straight-line fit to the data of Fig. 4, according to Eq. (107), one can also deduce a
value for S(0)uc/u. and therefore, knowing S(0),uqs/pc. If S(0) is taken to be given by the
Carnahan-Starling approximation (95), we find the results shown by the squares in Fig. 6; the
other symbols will be discussed below. The solid line in the figure is a fit of the form (Barnes et
al., 1989; Phillips et al., 1992)

0 \ 0
ter (1 _Pp ) (109)
%] ﬁmax
with .« = 0.79, 0 = 1.94, to results described in the next section. This curve is consistent with

the results of Mo and Sangani (1994) and others in the literature. The values of u. deduced
from Eq. (107) agree reasonably well with the line given by Eq. (109) for ,, = 15%, but they
deviate for increasing f;, where the two-particle correlation length ceases to be small in
comparison with the cell size.

4 T T T
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Fig. 6. The normalized effective viscosity of the suspension pu./uc- as a function of particle volume fraction as
computed for several flows: [, from Eq. (107); O, from Eq. (134); A, from Eq. (135); <, from Eq. (160). The solid
line in the figure is the fit of Eq. (109).
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Fig. 7. Feuillebois’s result for vSxka), valid as /)’%—>0 (long dashes) compared with the present numerical results at
% = 15% (triangles), 25% (bullets), and 35% (squares). The short-dashed line is an extrapolation of our numerical

results to 9 = 0.
For a uniform suspension the difference p,, — (pc) as given by Eq. (69) is
(110)

Pm — (Pc) = _MCQ[)-
Our numerical simulations consistently give for Q° numbers of the order of 107*~107>, to be
compared e.g. with p,,/uc- which is typically a number of order 1. We can therefore conclude
(111)

that

0’ =0,
which entails that, for a uniform suspension, p,, = (pc) = p°
Feuillebois (1984) studied the settling of a dilute suspension with a spatial concentration
consisting of a vertically varying sinusoidal component superimposed on a uniform distribution
(112)

n°. His result for the particle settling velocity may be written in the form

W= Us =1 —6.55m" + SF(ka)v[n(x) — no],
W]
where Sr is a function of ka defined in his paper.” Our expression (67) can be put in a similar
(113)

form, namely
w—U, wh
|W| © = @(nov,ka) =+ W‘lzan[l’l(X) — I’lo]

°We use the symbol Sy to denote the same function denoted by S in Feuillebois’s paper to avoid confusion with

the static structure factor introduced earlier.
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In Fig. 7, we show as a function of ka Feuillebois’s result for the function Sr(ka) (long dashes)
and our numerical results for the analogous quantity multiplying v[n(x) — n°] at three volume
fractions. These quantities are not directly comparable in this form in view of the strong f,
dependence. However, we can use our results to extrapolate to zero volume fraction and then
compare with Feuillebois’s. To this end, we write

wﬁ 0 e
mzcl(l _ﬁD> 5 (114)

and evaluate the fitting constants ¢y, ¢», ¢3 by using the computed results for ﬁOD =15, 25, and
35%. Since, in Feuillebois’s work, the sinusoidal disturbance is superimposed on a truly
random uniform distribution while, in the present one, it is superimposed on the artificially
periodic structure of the infinitely repeated fundamental cells, the two situations are not
precisely comparable. Nevertheless, there is a general agreement between Feuillebois’s result
and ours (short dashes).

The numerical simulations indicate that all the coefficients £ with superscript s vanish. Like-
wise, we find w{ = wj = 0. The previous equation (60) then becomes

1

W, — Uoo = kz—azUsést', (115)
where
N 9 S C C
Ut=3p — (L5 +£5), (116)

which shows that u,, differs from the volumetric flow rate of a uniform suspension U, only

0.60
R el Com e
Lad T2 5
“
5 0.50} i
0.45F - - e )
T DA g,
AA A
Aaa, Ao y
0.40 : : : : ' ‘ ' ' '
0.0 0.5 1.0
ka

Fig. 8. The coefficient U* appearing in Eq. (115) versus ka for % = 15% (triangles), 25% (bullets), and 35%
(squares) together with least-squares fits of the form (117).
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Fig. 9. Ratio |u,,|/|W,,| as a function of ka for /)’% = 15% (triangles), 25% (bullets), and 35% (squares).

when the inhomogeneity is perpendicular to W, i.e. the particles are arranged in vertical sheets
of alternatively denser and lighter concentration. This result has an obvious physical
interpretation. A graph of the coefficient U* versus ka is shown in Fig. 8 for ,BOD =15, 25, and
35%, where the lines represent least-squares fits of the form

U* =9+ 8(ak)’. (117)

Since y # 0, it is clear from Eq. (115) that u,, — Uy diverges as ka—0 when W= # 0 i.e. when
the inhomogeneity is perpendicular to the driving force. This fact is expected as, in this case,
the region of heavier mixture becomes wider and wider with decreasing k£ while the shear force
that tends to retard its motion remains constant.'® The result is supported by the analytical
one given in Appendix A for the dilute case.

The representation (67) for the disperse-phase velocity becomes

W— Uy, = di(ﬂ%,ka)w ¥ #(ijL n wﬁW”)es. (118)

Since w{ and wj/k*a* tend to constants in the limit k—0, we find numerically the same
divergence for w as noted before for u,, provided W+ = 0. An important physical quantity is
the relative or ‘slip’ velocity

Uy =WwW-—1u, (119)
that must be a Galilean invariant. It is important to verify this property, and all the more so as
19 One may visualize the situation as a series of vertical heavy "slabs" of more concentrated suspension. The fall of

the slabs is retarded by the viscous force on their surfaces. As ka is decreased, the width — and hence the weight —
of the slabs increases, but the retarding viscous force does not.
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Fig. 10. The coefficient «} in Eq. (120) as a function of ka for B9 =15% (triangles), 25% (bullets), and 35%
(squares). The lines are a three-term quadratic fit.

the two velocities in the right-hand side individually diverge in the limit of small k. Such a
comparison is shown in Fig. 9 in the form of the ratio U°/w’ . Least-squares fits of the form
(117) extrapolated to ka = 0 all differ from 1 by only a few percent, which is of the order of
the expected numerical accuracy in these simulations. For this reason the lines shown in this
figure are of the form 1 + 8(ka)* + ((ka)* with the parameters 8,{ obtained from a least-squares
minimization. It is seen that this procedure provides a good representation of the numerical
results. On the basis of this result, we write

us = O(Bpka)W + (W' +u, WH e, (120)
where
s Wﬁ s s _US (121)
U = 2a2 UL =22 (W )-

The quantities | and uj are shown in Figs. 10 and 11; note that they both approach nonzero
constants as ka—0. In this case the lines are three-term quadratic fits including the linear term
ak.
The expression (61) for the mean pressure is
1 0o 9

1 c
P = BozaW - x+ 5 PeW m). (122)

The numerically calculated value of P¢ is plotted in Fig. 12 for the three cases ﬁ% =15, 25,
and 35% as function of ka. The lines are a three-term quadratic fit. Since Q° = 0, the disperse-
phase pressure (p¢) given by Eq. (69) reduces to
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Fig. 11. The coefficient u; in Eq. (120) as a function of ka for BOD = 15% (triangles), 25% (bullets), and 35%
(squares). The lines are a three-term quadratic fit.

1 9 1,
M_c<pC> = %ﬁw X+ 54 (Wl m). (123)

From Egs. (122) and (123), we have therefore

1 9 1 9
!TCU’C) - 501)2712“’ x={, (Hcpm — ﬁ%TazW : X>, (124)

L L L L 1 n
0.0 0.5 1.0
ka

Fig. 12. The coefficient P¢ in Eq. (122) as a function of ka for f% = 15% (triangles), 25% (bullets), and 35%
(squares). The lines are a three-term quadratic fit.
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Fig. 13. The coefficient {, defined in (124) as a function of ka for B9 = 15% (triangles), 25% (bullets), and 35%
(squares). The lines are biquadratic least-squares fits subject to the condition that {, =1 at ka = 0.

where

C

q

szﬁ'

(125)
This quantity is shown in Fig. 13 as a function of ka for several values of ﬁ%. If the results are
fitted as in Eq. (117), for ka = 0 one finds a limit value that is essentially 1 and independent of
ﬁ%. If the suggested independence of ﬂ(}) is correct, the exact result for ka = 0 should be the
same as the dilute-limit one given in Appendix A, i.e. 1. The lines in Fig. 13 are biquadratic fits
forced to reduce to 1 for ka = 0. It is evident that, if {, deviates from 1 for finite ka, for a non-
uniform suspension the mean pressure acting on the surface of the particles differs from the
continuous-phase mean pressure.

In the frame of reference where U, = 0, the mean angular velocity of the particles and the
vorticity of the suspending fluid are both zero for a uniform suspension, but not for a non-
uniform one. The numerical evidence indicates that »® = 0, and Eq. (68) therefore becomes
Q-Q, = La)cecm x W (126)

ka?
Since, from Eq. (57), m x W =m x W, this equation shows that there is a non-zero mean
particle rotation normal to the (W,m) plane induced by the concentration gradient in the
direction orthogonal to the settling velocity, a fact that admits of a ready physical
interpretation. The coefficient w is plotted in Fig. 14.

From Eq. (115), we see that the concentration gradient also induces a mean vorticity and we
find the relation

~ 1
Q—Qw:CQ(Equm—Qm), (127)
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Fig. 14. The coefficient w° of Eq. (126) as a function of ka for % = 15% (triangles), 25% (bullets), and 35%
(squares). The lines are least-squares fits of the form (117).

where

2m°

Us’

(o= (128)

This quantity is shown as a function of ka in Fig. 15. As in the case of {, considered before,
the lines are fitted requiring that (o = 1 for ka = 0, as suggested by the dilute-limit analysis of

1.0

¢a

L s L 1
0.0 0.5 1.0
ka

Fig. 15. The coefficient {o defined in Eq. (127) as a function of ka for % = 15% (triangles), 25% (bullets), and 35%
(squares). The lines are biquadratic least-squares fits subject to the condition that {o = 1 at ka = 0.
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Appendix A. Thus, the mean particle angular velocity relative to the mean vorticity vanishes in
the limit of a uniform suspension as expected. Furthermore, as for ua, the divergence in the

mean particle angular velocity as ka—0 is exactly cancelled by a similar divergence of the
mean vorticity. We define a slip angular velocity:

-1
QA=Q—§V><um, (129)

that can be expressed as

Qp = kQ%,m x W, (130)
where
C 1 C 1 S

tends to a nonzero constant as ka—0 as shown in Fig. 16. The slip translational and rotational
velocities defined here, together with similar quantities defined for the other two problems, will
play an important role in Part II when we close the system of equations.

The expressions (65) and (66) for the mixture rate of strain and stress tensors are

1
N w
B = k¥ «Gs- (132)
-0.02 . i i i :
a
a oa s
-0.03F d;nuuun ]
a
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Fig. 16. The coefficient Q¢ defined in Eq. (130) as a function of ka for ﬁOD = 15% (triangles), 25% (bullets), and
35% (squares). The lines are least-squares fits of the form (117).
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1 1 (9 1
#—Czp + 2B, = — (Eﬁs — E;)Gg/ec + @(z;(;ff +£5,G} + 65G) )e.. (133)
The first term in the right-hand side of this relation is proportional to 2E,, and therefore
defines the effective viscosity of the suspension:

134
Uc ka—0 Us ( )

The results given by this formula are shown by the circles in Fig. 6, where they are seen to be
in excellent agreement with the solid line which represents the effective viscosity calculated in
the usual way by studying a homogeneous suspension subject to simple shear as described in
the next section.

9. Results: simple shear

As remarked at the end of Section 6, for a uniform particle distribution (for which ¢ = 0),
the mixture possesses a stress—strain relation of the Newtonian type with an effective viscosity
that can readily be written down upon comparing Egs. (78) and (79):

Heit 1

= 1+ Ee‘). (135)
C

3.5 . . : : :

3.0

] A —— A AMAAMAASL Ak a4 44

Fig. 17. The black symbols are the numerical results for the effective viscosity as defined in Eq. (135). Triangles are
for [)’% = 15%, circles for [)’% = 25%, and squares for [)’% = 35%. The solid lines are least-squares fits that reduce to
a constant in this case. The open symbols are the right-hand side of Eq. (160) before taking the limit ka—0. The
dashed lines are least-squares fits of form the (117).
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It can be shown analytically that this result coincides with the expression for the same quantity
given, e.g. by Batchelor (1970) and Mo and Sangani (1994).

This quantity, as calculated in the present simulations, is shown by the black symbols and
the solid lines as a function of ka for different [3% in Fig. 17 (the dashed lines will be discussed
in the next section). The solid lines are least-squares quadratic fits which simply reduce to
constants showing that the result is independent of ka. The values of these constants, shown as
function of ﬁ% in Fig. 6 (triangles), have been fitted to an expression of the form (109) to
generate the solid line in this figure. These results have been obtained with five singularities per
particle and differ from those of Mo and Sangani (1994) by about 4%. We have done the same
simulations in a limited number of cases with 6 singularities finding a difference of only 1%.

Nunan and Keller (1984) have shown that, in a lattice, viscosity is a tensor given by an
isotropic part plus a non-isotropic term proportional to a single constant. We have verified
that the non-isotropic part of our result decreased below 6% already for 25 particles in the
cell, and was less than 2% with more than 40 particles. These observations strengthen the
conclusions of Section 7 on the small effects of the artificial periodicity and cell-side directions
imposed by the present cell simulations. As in the previous case, we also find Q° =0, so that
Pm = {pc) = p° for a uniform suspension.

Turning now to the non-uniform case, the numerical results indicate that all the coefficients ¢
with superscript ¢ vanish, and also wj =w} =0. The situation is thus in some sense the
reciprocal of the one encountered in the case of sedimentation where all the ¢° coefficients and
Wﬁ , wq vanished. The expression for u,, becomes

1.
u, — Uy = %U‘ecyl, (136)

1.4 Lol L PP

1.0 1
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ka
Fig. 18. Coefficient U ¢ in Eq. (136) as a function of ka for ﬁOD = 15% (triangles), 25% (bullets), and 35% (squares).
The lines are least-squares fits of the form (117).
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where

c 1 S S S
U‘= E(1zS+1zA+£3,) (137)

which shows that u,, # Uy only when the inhomogeneity is perpendicular to y - m; U°¢, shown
in Fig. 18, tends to a nonzero constant as ka—0. The corresponding expression for w is

et 1 C C
W— Uy = %(WﬂL + w”y”)ec, (138)

with which we have the following expression for the slip velocity

uy = ka® (uiyL + uﬁ'y”)ec, (139)
where
C 1 Wi C C 1 C
T s (k_a -v )3 “IT s (140

The coeflicients #q and uj are shown in Figs. 19 and 20. In spite of the numerical noise, these
results indicate a non-zero, if small, interphase slip.
The expression for the mean pressure reduces to

1

b= P! m). (141)

T
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Fig. 19. Coefficient uq in Eq. (139) as a function of ka for [)’OD = 15% (triangles), 25% (bullets), and 35% (squares).
The lines are least-squares fits of the form (117).
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Fig. 20. Coeflicient j in Eq. (139) as a function of ka for ﬂ% = 15% (triangles), 25% (bullets), and 35% (squares).
The lines are least-squares fits of the form (117).

while

1 1

l;(pc) = Qq‘yes(v” -m), (142)

from which {, defined by Eq. (124) is

(= Z— (143)

AAAAA-A A-A -/

O L L L L L L L L
0.0 0.5 1.0

Fig. 21. The coefficient P* in Eq. (141) as a function of ka for ﬁOD = 15% (triangles), 25% (bullets), and 35%
(squares). The lines are least-squares fits of the form (117).
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Fig. 22. The coefficient {, defined in Eq. (143) for the simple shear case as a function of ka for B = 15%
(triangles), 25% (bullets), and 35% (squares). The lines are biquadratic least-squares fits subject to the condition
that {, =1 at ka = 0.

The quantities P* and {, are graphed in Figs. 21 and 22; {, is fitted as 1+ d(kay* + {(ka)* on
the basis of the same argument outlined after Eq. (125) for the sedimentation case. Note that
the scatter appears large chiefly because of the small range of the vertical scale.

The mean angular velocity of the particles and the vorticity of the suspending fluid are both
zero for a uniform suspension, but not for a non-uniform one. We find w® = 0 and, therefore,
we have a relation similar to Eq. (127) with

wa

e (144)

lo=—

This quantity is shown in Fig. 23 from which we see that indeed the fluid and solid particle
angular velocities are equal in the limit ka—0. At finite ka, however, the rotation rate of the
particles differs from that of the fluid when the suspension is not uniform. Because {o—1 as
ka—0, the slip angular velocity can be expressed as

Qp = Kd*Qe;m x yt, (145)
where
1 (o 1
QP =———+U¢ 146
k*a? (ka *a )’ (146)

approaches a nonzero constant as ka—0 as shown in Fig. 24.
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Fig. 23. The coefficient {q defined in (144) for the simple shear case as a function of ka for §%=15% (triangles),
25% (bullets), and 35% (squares). The lines are biquadratic least-squares fits subject to the condition that {o=1 at
ka=10

10. Results: couple

For a uniform suspension, the particles rotate with an average angular velocity proportional
to the applied couple

0-Q. = ‘P(ﬂ%)w, (147)

0.28 . . : : :

0.24

0.20

| X X X X T
0.0 0.5 1.0
ka

Fig. 24. The coefficient Q° defined in (146) as a function of ka for f%=15% (triangles), 25% (bullets), and 35%
(squares). The lines are least-squares fits of the form (117)
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Fig. 25. Hindrance function for rotation, Eq. (147), as a function of % for a uniform suspension. The black circles
have been obtained on the basis of extensive simulations with variable number of particles and averages over
thousands of configurations. The open circles have been obtained with only 28 particles per cell averaging over 500
configurations. The solid line is the fit (148).

where ‘P(ﬂ%) is the hindrance function for rotation (Brenner, 1970, 1972, 1984). A graph of
this quantity is shown in Fig. 25; the numerical results are fitted by

o) =(1-m) " (148)

where ¢; = 1.50, ¢; = 0.41. We find that ¥ depends only very weakly, if at all, on ka.
Dropping quantities found numerically to vanish, the necessary formulae can be written as

— w?’ o
Q—-Q. = ‘P(ﬁ%)w + k—cllesw” + k—;eswl (149)
1
u, — Uy = %Uec(m X @), (150)
- Lt 5
w—Uy, = %ec(m X @), (151)
Pm == (pc) =0, (152)
with
1 S S
U:E(ZSHA). (153)

The slip angular velocity is
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Fig. 26. The coefficient Qi in Eq. (154) as a function of ka for f%=15% (triangles), 25% (bullets), and 35%
(squares). The lines are least-squares fits of the form (117)

0, = ¥(f))o + (o' +2,0') (154)
where

QH:—COﬁ, QJ_Z——EU. (155)
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Fig. 27. The coefficient Q, in Eq. (154) as a function of ka for %=15% (triangles), 25% (bullets), and 35%
(squares). The lines are least-squares fits of the form (117)
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Figs. 26 and 27 show @ and @, together with least squares fits of the form (117). It is
interesting to note that, whenever m- # 0, the average particle angular velocity is not

parallel to the local vorticity %V X Wy — Loo.
The slip velocity is given by
(156)

up = kazuec(m X ),
where
L L(ﬂ _ U), (157)
k2a? \ ka
which is shown in Fig. 28; the lines are quadratic fits of the form (117).

The strain rate is
1 (O]
E, = _5 Ucy S (158)
while, for the stress, we have
(159)

1 1

Hc
As in Section 8, we then find the following expression for the effective mixture viscosity:
X ES
Hett _ s 4 (160)
Uc ka—0kaU
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Fig. 28. The coefficient u in Eq. (156) as a function of ka for f%=15% (triangles), 25% (bullets), and 35%

(squares). The lines are least-squares fits of the form (117)
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The numerical results for ¢%/kaU are shown by the open symbols and dashed lines in Fig. 17
as functions of ka. Note how close the limit values for ka—0 are to those found for the simple
shear case in the previous section. These limit values correspond to the effective viscosity for
the present case and are shown by the diamonds in Fig. 6, where this agreement is confirmed.

11. Conclusions

The purpose of this paper is to describe a method for the numerical ensemble averaging of
flow quantities for particular flows of spatially non-uniform suspensions and to present results
illustrating the behavior of such systems. In Part II of this study, we shall build on these
results to derive in a systematic way constitutive relations that enable us to formulate averaged
equations models to describe such flows.

Our results show that non-uniform suspensions behave very differently from uniform ones.
Among the principal results, we mention the following:

1. A method has been devised to calculate the effective viscosity of suspensions for the cases of
settling and rotation, in addition to the case of simple shear considered by earlier
investigators. Such a calculation can be carried out for settling and rotation only for a non-
uniform suspension. All three calculations give consistent results, which proves that the
concept of effective viscosity is a robust one, most likely independent of the particular
nature of the flow.

2. While the stress tensor in a uniform suspension can be reduced to a Newtonian form with
an effective viscosity, this is not possible in the non-uniform case. The rheological behavior
of a non-uniform suspension is much more complex. A closure relation will be given in Part
II.

3. We have encountered cases in which the particle-mixture relative velocity does not vanish in
spite of the absence of external forces on the particles. Such results have obvious
implications for the well-known — and much debated — phenomenon of shear-induced
particle migration (see e.g. Leighton and Acrivos, 1987; Acrivos, 1995).

4. The average pressure field in a suspension cannot be taken to equal the average continuous-
phase pressure. The near-field disturbance induced by the particles plays an essential role in
establishing the effective mixture pressure.

5. The settling or shearing of a non-uniform suspension causes a non-zero particle rotation
that contributes to the stress.

These results have been obtained assuming that the particles are randomly distributed hard
spheres. This is certainly a limitation as the particle distribution in a flowing suspension is
known to depend on the flow. Nevertheless these are the first results which specifically show
the major qualitative aspects in which a non-uniform suspension differs from a uniform one
and one may expect that qualitatively similar differences would exist also for a more realistic
particle distribution function.
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Appendix A. The dilute limit

Zhang and Prosperetti (1997) derive three momentum equations in the dilute limit: one for
the continuous phase,

5
0=—BcVipe) + Bepcg+ BV - |:2Hc(1 + EﬁD)Em]

puc . _ 3
+50r (W = (uc) = 2 BppcV (uc)
3 ) _ = 1
+ZHCV [Bp(W — (ue) ]+ 3ucV x | fpl| @ — EV x (uc) | | (A1)
one for the linear momentum of the disperse phase,
B uchp - 3 >
0=—BpVipc) +2pchpV -Ec — 20 (W —(uc)) + Zﬂcﬁpv (uc) + Bpppg (A2)

and one for the angular momentum of the disperse phase,

0 =6Bpuc Gv x (ug) — Q) +nT (A3)

To express these momentum equations in terms of quantities used in the present paper, we
need two other relations from Zhang and Prosperetti (1997):

u,;, = ﬁC<UC> + ﬁD(uD> zﬁC(llC> + ﬁDv_Va (A4)

and
E,, = Ec 4+ Symm(V[S,(W — (uc))]). (A5)

Note that the dilute-limit equations in the form presented here are accurate to order k° for the
sedimentation problem and to order k& for the shear and couple problems. Note also that
Zhang and Prosperetti (1997) did not incorporate the body force on the continuous phase into
a modified pressure, as is done in the present paper. Adding the second and third equations to
the first one, and dropping terms of higher order in f;, and k, we obtain the following three
equations:
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2
0= —/%V(pc) + ﬁb%w +V. [2(1 + ;BD>E] + %Vz(ﬁDuA) + 3V x (Bpw), (A6)
C
az
BpW = Bp (uA - gvzum)a (A7)
and
Bpw = fpQa. (A8)

The solution to these equations is readily found in the three cases of sedimentation, simple
shear, and applied couple. In order to treat all three cases together, as in Sections 8—10, we set

Bo = Bp + Bpes (A9)
1 9 0 PW Wi Py, ol
M—CUC) = 3.7 W.x+ WQW m+ eyl m (A10)
c
U?* U¢ U
u, =7 -x+ WQWL + 7@# + ZEmx o (A11)
up = "W+ (uﬁW” + ujWL>es + ka? (uﬁy” + uiyL>eC + ka*um x we, (A12)
Q= Qo + kQ%m x W + K2’ Qe;m x y- + (Q”a)” + Qlwl)es (A13)

We substitute these relations into the momentum equations and solve for the coefficients. All
quantities not given explicitly are equal to zero.

. . _ _ 948 a2k2
Sedimentation (y = T = 0), P = ﬂ%ﬂc + ﬁ(l))pDa pw=— gu <1 _ T)’

(A14)

9/3;)( azkz)

s _ | A

v 2 6 /)’
W =140(Bp), uj =1\ =Q =0(Bp). (A15)
Simple shear (g =T = 0), Py = 5Pp. Ue = 5p. (A16)
uy=u| =Q = O(ﬁD). (A17)
Applied couple (g =y = 0), U =3pp, Q=1+ O(Bp) (A18)

u=9Q) = O(ﬂD)QL = O(ﬁD)- (A19)
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